Abstract We give a relatively simple proof that the orthogonal group over the integers is the unique nite subgroup (up to a conjugation) in GL n (Z) of the maximal order for n >> 1.
x0. Introduction
In our recent paper Fri] the following problem arose naturally. Let ? GL n (Z) be a nite group. What is the exact upper bound for j?j? (It is well known that any nite group in GL n (Q) is conjugate to a nite group in GL n (Z), e.g. Ser, p. 124] .) In Fri] we conjectured that O n (Z), the orthogonal group over the integers whose order is 2 n n!, has the maximal order for all n. Very recently, Feit Fei] gave the complete solution of the problem of characterizing the nite groups of the maximal order in GL n (Q) and their orders for all n. The orthogonal group is maximal exactly for n = 1; 3; 5 and n > 10. For n = 2; 4; 6; 7; 8; 9; 10;
Feit characterizes the corresponding maximal groups. One of the main ingredients of Feit's proof for large values of n is the unpublished paper of Weisfeiler Wei2] which gives almost sharp estimates of the Jordan number j(n) (n + 2)! for n > 63. (Jordan's theorem claims that any nite group G GL n (C) contains a normal abelian subgroup whose index is at most j(n). Note that j(n) (n + 1)! and it is a common belief that j(n) = (n + 1)! for n >> 1.)
The purpose of this paper is to give a relatively simple proof of our conjecture that the orthogonal group is the unique (up to a conjugation) nite subgroup in GL n (Z) of the maximal order for n >> 1. Let GL n (Q) be a nite abelian group. We prove the sharp inequalities: j j 6 b n 2 c 2 n?2b n 2 c ; j j 3 b n 2 c ; if 2 6 j j j; j j 2 n ; if 3 6 j j j:
The proof of the above inequality uses the well known fact that if acts irreducibly on Q n then imbeds in a cyclotomic extension eld of Q of degree n at most, and j j is bounded appropriately. Let ? GL n (Z) be a nite group with a normal abelian subgroup ? of the maximal order. Then j?j j(n)j j. We deduce our main result by combining (0.1) with Weisfeller's asymptotic bound Wei1] j(n) n a log n+b n! (0:2)
We remark that the problem of estimating the size of a nite group ? GL n (Z) was considered by Minkowski Min] . In fact, Minkowski Min] found (n)-the least common multiple of all nite subgroups of GL n (Z). The right asymptotic order of (n) was recently determined by Y. Katznelson Kat] . See R-T] for weaker bounds on j?j.
x1. Preliminary results
Let F be a eld of characteristic 0. We view Q as a sub eld of F. Denote by M n (F ) := End F (F n ) the ring of n n matrices with entries in F. Let Proof. Let V F n be a -irreducible subspace, i.e. V is a simple R( )-module. Set = V . Assume that l = dimV . We view GL l (F ). We claim that is a cyclic group. Observe that the centralizer C M l (F ) of R := R( ) is exactly the ring of R endomorphisms of V . By Schur's lemma C is a division ring. In particular, R generates a commutative division ring D, i.e. D is a eld. Hence, R is a simple ring. For each k the equation x k = e; x 2 has at most k solutions. Therefore D is cyclic of order m. Assume that is generated by 2 GL l (F ). As V is -irreducible space it follows that the characteristic polynomial of is irreducible over F. Since Consider the above decomposition of R( ) to simple ideals. The simplicity of each R i imples that R j R i = R i R j = 0; j 6 = i. Hence this decomposition of R( ) induces the above decomposition of F n . The natural projection : ! P s 1 i is a faithful homomorphism. Hence, = ( ). Let W i = P di j=1 V ij be a decomposition to i -irreducible subspaces. Let ij = i V ij . The above arguments show that ij is cyclic and R( ij ) is simple. We claim that i = ij . Assume to the contrary that ij : i ! ij has a nontrivial kernel ij i . Consider the ideal R ij R i generated by all elements in R i that act trivially on V ij . Note that ? e 2 R ij for any 2 ij . Thus R ij is a nontrivial R( )-submodule of R j which contradicts the simplicity of R j . Hence
(p i ) ; i = 1; :::; s:
Clearly R( i ) = R i and these rings are simple. This contradicts the strong maximality of ?.
We now show that i1 / ? i1 has maximal order out of all normal abelian subgroups of ? i1 . As W ij is a -invariant subspace for j = 1; :::; k i we deduce that D i Suppose that 0 i1 / ? i1 . Then G i has a normal abelian subgroup isomorphic to 0 i1 0 i1 (k i times). As i has a maximal order we deduce that j 0 i1 j j i1 j.
Suppose that F is a sub eld of C. Then Jordan's theorem yields that
In what follows we need the following lemmas.
Lemma 2. Let 1 < l 2 Z and denote by l;j ; j = 1; :::; (l), all l-primitive roots of 1. Set For A 2 M n (C); x 2 C n , let A ; x be the respective conjugate transposes. Assume that F is a sub eld of C and suppose that ? GL n (F ) is a nite group. Set S(?) = X 2? : Then S(?) 2 M n (C) is a positive de nite matrix. De ne an inner product on C n : (x; y) = y S(?)x; x; y 2 C n :
Then ? is a nite group of unitary matrices with respect to ( ; ). If F is invariant under the conjugation, i.e. F = F, then S(?) 2 GL n (F ) and ( ; ) is an inner product on F n . Suppose furthermore that ? GL n (R).
In that case we view ? as a subgroup of orthogonal matrices (with respect to ( ; )). (0:1) holds. All the bounds in (0:1) are sharp.
Proof. As ? is nite, eachÃ 2 GL n (Q) has a nite order. It is known thatÃ is similar to a matrix A 2 GL n (Z), e.g. Ser, p. 124] . By considering the inner product induced by S(?) 2 GL n (R) we may assume that ? is a nite group of orthogonal matrices. As ? is abelian we x a real orthonormal basis so that each A 2 ? is a direct sum of 2 2 or 1 1 real orthogonal matrix. Obviously, each 1 1 block is equal we deduce that 0 < jjA ? Bjj < 1. Observe next that jjA ? Bjj = jjI ? A ?1 Bjj. Our assumptions that each E 2 ? is similar to E 0 2 GL n (Q) yields that C = A ?1 B is similar toĈ 2 GL 2m (Z). As ? is a nite group, it follows thatĈ q = I. Hence, the spectrum ofĈ is a union of the roots of several cyclotomic polynomials.
AsĈ 6 = I, it follows from Lemma 2 that jjI ? Cjj inf l>1 (l) = (6) = 1:
This contradicts our assumption that jjA ? Bjj < 1. Hence, A = B. Thus, the matrix A is completely determined by specifying one of the six intervals i lies for i = 1; :::m. Hence, j? 0 j 6 m . To see that this inequality is sharp observe that a companion matrix of the cyclotomic polynomial x 2 ? x + 1 generates a cyclic group of order 6 in GL 2 (Z). Hence, j?j 2 n . This inequality is sharp for the following groups. For n = 1 the theorem is sharp for G 1 = f1; ?1g. For n = 2 the theorem is sharp for G 2 -the group of rotations of R 2 by the angles 0; 2 ; ; 3 2 .
Then the theorem is sharp for any group which is a direct sum of copies of G 1 ; G 2 . Note that if n = 2m then G 2 G 2 SO 2m (Z).
Theorem 3. Let ? GL n (Q) be a nite group. Then there exists K so that j?j 2 n n! for n > K. We now treat the cases m i = 1; 2; 4; 6. For the simplicity of notation for a positive integer k we let J k = fi : 1 i t; m i = kg. Set G (k) to be the direct product of all G i ; i 2 I k . Assume that
Consider rst the case m i = 6. Observe that (6) = 2. Hence, any ? i1 GL 2 (Q) (where ? i1 is as in Theorem 1) is a nite group which contains a normal cyclic group i1 of order 6. It is easy to show that j? i1 j 12 and the equality holds i ? i1 = -the group of rigid motions of the hexagon . Note that n (6) is even. From the assumption that ? has the maximal order it follows that G (6) = o S n (6) 2 . Thus jG (6) j = 12
2 )!: Use Stirling formula to deduce that 12 l l! < 2 2l (2l)!; l > K (6) : Hence n (6) 2K (6) .
We now consider the case m i = 4. In that case (4) = 2. Then j? i1 j 8 where the equality holds i Assume that m 1 = 1. Then jG (1) j = n (1) ! < 2 n (1) n (1) !:
Hence, J 1 = ;. Consider now the case m i = 2. As (2) = 1 it follows that either ? i1 = f1g or ? i1 = f 1g = O 1 (Z).
The assumption that ? has the maximal order implies that ? i1 = O 1 (Z) and G (2) is conjugate to O n (2) (Z).
Thus jG (2) j = 2 n (2) (n (2) )!: We thus showed that j?j = jG (2) jjG 0 jjG (4) jjG (6) j; n (2) n ? r; r = (K 0 + 2 + 2K (6) ); jG 0 jjG (4) jjG (6) j K :
(2:1) Let L be the smallest number so that jO L+1 (Z)j jO L (Z)j = 2(L + 1) >K:
Assume that n > L + r. Use (2.1) and (2.2) to deduce that if one of the groups G 0 ; G (4) ; G (6) appears in the decomposition of ? then by discarding one of these subgroups and enlarging correspondingly the size of the group G (2) we increase the order of ?. This contradicts the maximality the order of ?. Hence ? = G (2) .
That is, in the decomposition of ? given by Theorem 1 t = 1 and k 1 = n. Let 0 6 = w 1 2 W 11 . Note that fw 1 g form a basis in W 11 . Let w i = w 1 2 W 1i for a corresponding 2 ?. Then fw 1 ; :::; w n g form a basis in Q n . In this basis ? is represented by O n (Z). Thus, for n > L + r the group O n (Z) is the unique subgroup (up to conjugacy) of the maximal order. The proof of the theorem is completed.
